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Engineering Example Al
Beam with Point Load

Engineering Example Al:
Beam with Point Load

This worksheet derives the shear, moment, slope, and deflection of a beam
from a point load located anywhere along the length of the beam.

It is more complex than Engineering Example 13.1 because it requires the
use of step functions.

Field: Civil Engineering

Features used:
Integration
User-defined functions
Boolean logic
Symbolics

Solving

Solve blocks

Vectorize

Plots
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In Engineering Example 13.1, we derived the equations used to plot the shear, moment, slope, and deflection of a
uniformly loaded beam. In this example we derive the shear, moment, slope, and deflection of a beam with a
point load.

This example is a little more complex because the function is a step function and requires the use of the if
function.

Note: PTC Mathcad does not include the integration constant C. Because we are creating functions for multiple
solutions, we will need to solve for the integration constant.

In this example, all variables were manually assigned the "Variable™ label.

Use the following values to check the derived formulas for numeric results.

Length:=20.ft P:=1000-1lbf E,:=29000-ksi I,:=428-in"

[0.00 ]
0.10
0.20
z:=0 ft,0.1 ft..Length = 0.30 | ft
0.40
0.50

A:=7ft

B:=Length — A =13.00 ft

Load Since load is downward, use a negative value.
p-b
RPointLeft (p y &, b) =
A B a+b
Repointrert (P A, B) =650.00 Ibf
pP-a
RpointRight (P>, b) = —Y

Rpointrignt (P> A, B) =350.00 Ibf

Given a point load p located anywhere along the length of a beam (at distance a), derive the fromulas for shear,
moment, slope, and deflection anywhere along the length of a beam.
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Calculate Shear

The shear to the left of the point load is the left reaction. The shear to the right of the point load is the right
reaction. Create a function that will determine the shear based on whether the location is left or right of the point
load.

V1(p,a,b):=Rponiresrs (P-a,b) V1(P,A,B)=650.00 lbf
V2(p,a,b):=Rpginirer (P,a,b) —P V2(P,A,B)=-350.00 Ibf

Shear (x,p,a,b):=if(x<a,V1(p,a,b),V2(p,a,b))

Plot the Shear function.

The function Shear expects a value at a single point. In order to calculate solutions at many points, use the
vectorize operator.

7001

600+

500+

400+

300+

200+

Shear (z,P,A,B) (lbf)

v

—100+

—200+

—300+

—400+

z (ft)
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Calculate Moment

Calculate the moment by integrating the area under the shear diagram. The shear diagram is a step function, so
we need functions to calculate the area to the left of the point load and to the right of the point load.

Since we do not know the value of the constant of integration C, include it as a variable to the function.

Ml(x’p’a7b7C2a‘)::fVI(p7a7b) dx+02a—>02a,+bL;)x
a+

impli .C2a+a-C2b+b-C2a+b-C2b+a-b-p—a-p-
M2(x,p,a,b,CZa,C2b)::Ml(a,p7a7b,C2a)+fV2(p,a7b)dx+02b simplify a-C2a+a + at tarbrprarprx

a+b

a+C2a+a-C2b+b-C2a+b-C2b+a-b-p—a-p-x
a+b

M2(m,p,a,b,C2a,C2b) —

Mathcad Prime 3.0 does not allow for symbolics in solve blocks, so use symbolics and the solve keyword.

(C2a C2b]e 0=M1(0,p,a,b,C2a) solve ,C2a ,C2b

“|0o=M2(b,p,a,b,C2a,C2b) [0 0]

C2a — 0 C2b — 0

Now that we know C2a and C2b, we can eliminate them as variables

Ml (x,p,a,b):=M1(x,p,a,b,C2a) _ bepex
a+b

stmplify a.p. (b — x)
a+b
M1(A,P,A,B)=4550.00 ft-Ibf Moment at location of point load

M2(0,P,A,B)=4550.00 ft-lbf Moment at location of point load.
Remember that M2 starts at the
location of the point load.

Moment (x,p,a,b):=if(x<a,M1(x,p,a,b),M2(x—a,p,a,b))

M2(x,p,a,b):=M2(x,p,a,b,C2a,C2b)

The x-a in M2 is because M2 starts at the location of the point load.

Create a formula for maximum moment. This occurs at the location of the point load, at "a."

a+b.p

MaxMoment (p ,a,b):=Moment(a,p,a,b) — ;
a+
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Ml (z,P,A,B) (ft-Ibf) M2(z,P,A,B) (ft-Ibf)
4550 | o 4550 |,
1550 556
3640 3640+
2730 2730+
1820
1820+
910
910+
9 >
) 1 2 3 4 5 6 o >
1 2 3 4 5 6 7 8 9 10 11 12 13
z (ft)
—_— z (ft)
N
Moment (z ,P,A,B) (ft-Ibf)
4550 . .
3640+
2730+
1820+
910+
© t t t t t t t t t t t t t t t t t t + »
] 1 2 3 4 5 6 8 9 10 11 12 13 14 15 16 17 18 19 20
z (ft)

Verify the moment function with a different method of calculation. This method takes a free-body diagram at x and
calculates the moment.

The user-defined function Maximum allows
the use of the vectorize operator on the max
function.

Mazimum (x,y)=maz(x,y)

M_Point (x,p,a,b) :=Rpginirest (P, 2, b) - x — P« Mazimum (0,x —a)

M_Point (z,P,A,B) (ft-Ibf)
4550 A 7
3640+
2730+
1820+
910+
o >
1 2 3 4 5 6 8 9 10 11 12 13 14 15 16 17 18 19 20
z (ft)
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Calculate Slope

From mechanics of materials, the relationship for the radius of curvature of a beam p and moment is defined as

1 M . . . )
—=——, and the relationship of moment to slope Ois defined as M=FE.I-——86.

p E-I dz
Calculate slope 6 by integrating M/EL.

dx+C3b — C3b—

M2(x,p,a,b) a-p-(b—x)
E.I 2.E.I.

Slopez(x,p,a,b,E,I,CSb):=[

Solve for the constants of integration after deflections are calculated.

Calculate Deflection

b
Al[x,p,a,b,E,I,C3a,C4a)::jSlopel(x.p,a,b.E.I.Cb‘a) dx+C4a — C4a+x-C3a+——
6-E-

The deflection at x=0 is zero. Use this to solve for C4a.

solve ,C4a
C4a:=0=A1(0,p,a,b,E,I,C3a,C4a) ————— 0

C4a — 0

stmplify 3.a.p.b.x>—-3.a.p-b?.x+6.E.I.C3l

Az(x,p,a,b,E,I,C3b,C4b)::fsmpez(x,p,a,b,E,I,C3b)dx+C4b

3.a-p-b-z*-3-a-p-b>-x+6-E-I-C3b-b-2+6-E-1-C4b-b—a-p-2*+6-E-I-a-C3b-zx
6-E-I-(a+b)

A2(z,p,a,b,E,I,C3b,C4b) —

The deflection at x=0 is zero. Use this to solve for C4b. Remember that this function begins at the point load, and
the deflection to the right will begin to increase.

solve ,C4b
C4b:=0=A2(0,p,a,b,E,I,C3b,C4b) —— 0

C4b — 0
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Solve for C3a and C3b. The constraints: 1) The sum of the deflection 1 at x=a and of the deflection 2 at x=b is
zero, and 2) the slopes are equal where Slopel and Slope2 connect.

solve ,C3a,C3b
_[o=A1(a,p,a,b,E,I,C3a,C4a)+A2(b,p,a,b,E,I,C3b,C4b)]| simplify a-b-p-(a+2-b)

[C3a C3b]:= Slopel (a,p,a,b,E,I,C3a)=Slope2(0,p,a,b,E,I,C3b) 6:-E.I-a+6-E-I-b

a simplify a-b-p-(a+2-b)
6:E.-I-a+6.E-I-b

b simplify  a.b.p-(2-a+b)
6-(E-I-a+E-I-b)

Now that we know the constants of integration C3a, C3b, C4a, and C4b, we can eliminate them from all functions.

simplify b.p.(a?+2-b-a—3.x%)

Slopel (x,p,a,b,E,I):=Slopel (x,p,a,b,E,I,C3a) 6-B-T-(ath)
E.I.(a+

simplify — a.p.(2:b>—6:b-x—2-a-b+3-x?)
6-E-I-(a+Db)

Slope2 (x,p,a,b,E,I):=Slope2(x,p,a,b,E,I,C3b)
Slope (x,p,a,b,E,I):=if(x<a,Slopel (x,p,a,b,E,I),Slope2(x—a,p,a,b,E,I))

simplify b.p.x-(a’+2-b-a—x?)
6-E-I-(a+b)

Al(x,p,a,b,E,I):=Al(x,p,a,b,E,I,C3a,C4a)

simplify — a.p.x-(2:b*—3.b.x—2-a-b+x?)
6-E-I-(a+Db)

A2(x,p,a,b,E,I):=A2(x,p,a,b,E,I,C3b,C4b)

A3(x,p,a,b,E,I):=if(x<a,Al(x,p,a,b,E,I),Al(a,p,a,b,E,I)+A2(x—a,p,a,b,E,I))
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Slopel (z ,P,A,B,E,;, Il> (deg) Slope2 <z ,P,A,B,E,, Il> (deg)
4 0.01367
0.0034 0014
0.012
0.01
0.008
0.006
0.004
—016666 t + + + + + t+ >
0 1 2 3 4 5 6 7 0.002
0
—0.002
0.004
—0.0166 [):[)(]80 1 2 3 1 > 6 7 8 f‘) 10 11 12 13 g
z (ft) z (ft)
Slopel (A,P,A,B,E,,1;) =—0.006 deg Slope2 (0 ft,P,A,B,E;,1;) =—0.006 deg

Find location where slope is zero using a solve block. This will be the point of maximum deflection.

D:=A
0=Slope<D,P,A,B,E1,Il>

[ Distance :=Find (D) =9.183 ft

SafnstssiNiues

Distance =9.183 ft

Slope (z , P, A.B.Ey.Ij) (deg)

A 7 9.183
68.0166
0.0136
t >
0 1 2 3 4 3] 6 8 9 10 11 12 13 14 15 16 17 18 19 20
—0.006
—0.0166
z (ft)
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Al(z,P,A,B,Ey. L) (in)

A

v

N+

0.04

0.036

© Brent Maxfield

A2(z,P,A,B,E1,Il) (in)

0.032
0.028
0024
0.0192
002
0.016
0.012
0.008
0.0192 0.004
> T —t >
—0.0204+ D 1 3 1 5 6 7 8 9 10 11 12 13
—0.004
z (ft)
2 z (ft)

Find maximum deflection at the point of zero slope (Distance)

MaxDeflection := A3 (Distance, P, A, B, E;,I;) =—0.0206 in

A3<Z,P,A,B,E1711> (in)

7

9.183

v

—0.0206+

z (f1)
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Now, let's derive the general formula for maximum moment. The maximum moment occurs where the slope is
zero. The point of zero slope is dependant upon whether or not a<b, so we must derive two formulas, and then
use a conditional expression to select the appropriate formula.

Find location where Slopel is zero. Use the fully modifier, which will
provide the solution along with the constraints.

solve ,x

Sfully
Slopel (z,p,a,b,E,I) ———— |lif _c1€CA(a+b=0Ab#0Ap£0Va+

\/5-\/2-\/a+2-b
3
\/g-\/go\/a+2-b
3

else

” undefined

Find location where Slope2 is zero.

solve ,x
Sfully
N

Slope2 (z,p,a,b,E,I) if _c1€CA(a+b=0Aa#0Ap#0Va+b#0Aa#0Ap+0AI=0Va+bF0OAI#0Na£0ApF+ONE

b+\/§-\/b-(2.a+b)
3

b_\/g-\/b-(Q-a+b)
3

else

” undefined

3
3 —

o 2

Aa -\ . impli, calobepe! )

AAtZeroSlopel (p,a,b,E,I):=Al V3-Va-ya+t2-b .p,a,b,E,T simplify — \/3.a” b-p a+2-b)
3 27-E-1-(a+b)

3
3 —

\/goa,?-b-p-(a+2-b)2
R

AAtZeroSlopel (p,a,b,E,I)

27-E.I-(a+Db)
AAtZeroSlope2(p,a,b,E,I)::Az[b_\/g b3(2 a+b) p.a.b.E.I simplify

3
2
AAtZeroSlope2 (p,a,b, B, 1) — a-p-(18-a-b2+\/§-<b2+2-a-b> —3.1/3-b>-\/b>+2.a-b—6-1/3-a-b-\Vb> +2:a-b

54.E.I-(a+Db)
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AMax (p,a,b,E,I):=lif a<b
HAl(a,p,a,b,E,I)+AAtZeroSlope2(p,a,b,E,I)
else
H AAtZeroSlopel (p,a,b,E,I)

AMax (P,A,B,E;,I;) =—0.0206 in

AMaxLocation (p,a,b,E,I):= if a<b

a+b_\/§-\/b-(2-a+b)
3
else

3

AMaxLocation (P,A,B,E;,1;)=9.18 ft

Check
A3 (Distance,P,A,B,E;,I;) =—0.0206 in

Distance =9.18 ft
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Now, find the minimum value of 11 to limit the deflection to a specified amount relative to the length.

Deflection Criteria (DC) Max Deflection = L/DC DC:=240

Length .
—=1.00 wn

I, =428.00 in"

Length

—A3 <Distance,P,A,B,E1,Il> =

Ly = Find (I;) =8.798 in’

Solver Garestsaiataes

Check
A3 <Distance ,P,A,B,E,, Imin> =-1.00 in

Combine Point Load with Uniform Load

Combine the above functions to calculate the point load with the functions derived in Engineering Example 13.1
which calculated the functions for a uniform load.

L-
ShearUniform (x,w,L):= Tw —WeXx

exo[L—x%)
MomentUniform (x , w, L) = — >\ "%

2
3 2 3
SlopeUniform (x,w,L,E,I):= —w-(L —6-L-x +4-x)
24-E-.1
3 2 3
AUniform (x,w,L,E,I):= w-x.<L —2.L-x +x)
24-E-.1

CombShear (x,w,p,a,b):=Shear (x,p,a,b)+ ShearUniform (x,w,a+Db)
CombMoment (x,w,p,a,b):=Moment (x,p,a,b)+MomentUniform (x,w,a+b)
CombSlope (x,w,p,a,b,E,I):=Slope(x,p,a,b,E,I)+ SlopeUniform (x,w,a+b,E,I)
CombA (x,w,p,a,b,E,I):=A3(x,p,a,b,E,I)+ AUniform (x,w,a+b,E,I)

W :=120 plf
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—

—

SolvépnstrainBsiess Values
—

x:=10 ft

0=CombShear(w,W,P,A,B)

MDist :=Find (x) = 7.08 ft

MDist = 7.08 ft

CombShear (z, W,P,A,B) (Ibf)

Shear (z,P,A,B) (lbf)

.....................................

A 7.0833
2100.00
1750.00
1400.00
)
1050.00 .
700.00
350.00 ~.
~.
-,
0:00 Sy >
) 2 6 10 = 14 16 18 20
—350.00+  leccccscectPmggecsccccss D L L L L L P P PP PR PR PP
.
700.00 ‘..o
-
-,
—1050.00 See.
-
—1400.00
—1750.00
Z (ft)
File:
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Solve for the location of zero shear.
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Plot the moment curve and calculate the maximum moment at the
location of zero shear.

CombMoment (z,W,P,A,B) (ft-kip)

Moment (z,P, A, Bj (ft-kip)

11.00

10.00

9.00

8.00

7.00

6.00

5.00

1.00

3.00

2.00

1.00

\\\\\\
-0

v

............
meamcamsamoa

MaxMoment := max (CombMoment (z , W, P A, B)) =10.01 ft-kip

Calculate the moment at the location of zero shear.
MDist =7.08 ft

CombMoment (MDist, W,P, A ,B)=10.01 ft-kip
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The point of maximum momement occurs where the slope is zero. Solve for the location of zero slope.

x:=10 ft

—

—

0=CombSlope<w,W,P,A,B,E1,Il>

ADist:=Find () =9.69 ft

SolvépnstrainBsiess Values
——

ADist =9.6886 ft

CombSlope <z ,W,P,A B,E,, Il> (deg)

Slope <z,P,A,B,E1,Il> (deg)

0.04+

0.03+

0.03+

0.021

0.014

..................
...........

File:

0.01+ "
S o
0.03L, o veme
—0.03+

—0.044

—0.05+

9.6886
-,.
.
o feeet”
At
[
./
6 e’ 10 12
..... l’
.". -’
o‘.. o’
. -
.
Kd
Kd
L d
Z (ft)

v
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Plot the deflection curve and calculate the maximum deflection at the
location of zero slope.

CombA(z,W,P,A,B,El,L) (in)

A3(z,P,A,B,E;,I;) (in)

0.01

0-00
06

v

—0.01+

—0.01+

—0.02+

—0.02+

—0.03+

—0.03+

—0.04+

0.04+

—0.05+

—0.06+

The point of maximum momement occurs where the shear is zero.
CombA (ADist, W,P,A,B,E;,1;) =—0.06 in
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